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Fig. 1. Wavelength-dependent BRDFs of two surfaces, computed using the original Harvey-Shack model, the generalized Harvey-Shack model, the Kirchhoff
model, the tangent plane method in [Xia et al. 2023], and our simulation. The incident direction is given by 𝜃𝑖 = 36°, 𝜙𝑖 = 90°, and BRDF values are visualized
for a large collection of outgoing directions. The models predict similar BRDFs for the smooth surface with isotropic bumps, while for the surface with
spherical pits, our simulation predicts brighter color bands in the BRDF, which likely result from interference between reflection of different orders.

Computing light reflection from rough surfaces is an important topic in
computer graphics. Reflection models developed based on geometric op-
tics fail to capture wave effects such as diffraction and interference, while
existing models based on physical optics approximations give erroneous
predictions under many circumstances (e.g. when multiple scattering from
the surface cannot be ignored). We present a scalable 3D full-wave simulator
for computing reference solutions to surface scattering problems, which
can be used to evaluate and guide the development of approximate mod-
els for rendering. We investigate the range of validity for some existing
wave optics based reflection models; our results confirm these models for
low-roughness surfaces but also show that prior rendering methods do not
accurately predict the scattering behavior of some types of surfaces.

Our simulator is based on the boundary element method (BEM) and
accelerated using the adaptive integral method (AIM), and is implemented to
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execute on modern GPUs. We demonstrate the simulator on domains up to
60 × 60 × 10 wavelengths, involving surface samples with significant height
variations. Furthermore, we propose a new system for efficiently computing
BRDF values for large numbers of incident and outgoing directions at once,
by combining small simulations to characterize larger areas. Our simulator
will be released as an open-source toolkit for computing surface scattering.
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Additional Key Words and Phrases: wave optics, material appearance, scat-
tering, diffraction
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1 INTRODUCTION
Accurately modeling light reflection from surfaces, which arises
from the interaction of light with various kinds of small-scale geo-
metric structures, is important for rendering realistic and visually
compelling images. A surface reflection model in computer graphics
typically starts with some assumptions about the target surface
structure, and then applies an approximate model of optics to derive
a bidirectional reflectance distribution function (BRDF). Many reflec-
tion models are based entirely on geometric optics and assume light
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travels as rays, and are thus inaccurate for surfaces with feature sizes
comparable to visible light wavelengths. Some other models involve
wave optics and use approximate di�raction theories, including the
Beckmann-Kirchho� theory [Beckmann and Spizzichino 1987] and
the Harvey-Shack family of models [Krywonos 2006].

Most models provide smooth mean BRDFs corresponding to dis-
tributions of surfaces, predicting re�ection in terms of large-area
averages. Some models use either ray or wave optics to compute
spatially-varying solutions with high-resolution details [Yan et al.
2016, 2018], but even when modeling the propagation of light as
electromagnetic waves, these models still contain signi�cant ap-
proximations. Given this large collection of re�ection models, it
is di�cult to determine which models are accurate in a speci�c
context, as a ground truth solution is not available.

The goal of this paper is to provide a reference simulation tool that
faithfully models the propagation of light as described by Maxwell's
equations and computes optical scattering from small areas of sur-
face microgeometry with no approximation other than numerical
discretization, to compute surface BRDFs with high angular and
spatial resolution. To account for interference e�ects, the simulation
should scale up to as large as the coherence area of common light
sources like sunlight, or tens of microns across.

Reaching this scale, which is large for full wave simulations,
requires careful attention to memory usage and performance. Our
simulator represents surfaces as height �elds, allowing a regular-
grid discretization into quadrilateral basis elements, which leads to
important simpli�cations and e�cient storage of coe�cients. We
solve for scattered �elds using the boundary integral formulation, an
established method in computational electromagnetics, accelerated
by the adaptive integral method (AIM), an approach based on 3D
Fast Fourier Transform that was originally proposed for accelerating
radar calculations. Our accelerated simulations are implemented to
run e�ciently on modern GPUs, and we demonstrate simulations
on domains up to60� 60� 10wavelengths.

We also propose a new system for solving the graphics-speci�c
problem of e�ciently computing BRDF values for a large collection
of incident and outgoing directions to completely characterize the
bidirectional scattering behavior of a surface. While our simula-
tion is not usually directly applicable to rendering, its high accu-
racy and broad applicability make it a useful research tool that can
evaluate the accuracy and range of validity of approximate re�ec-
tion models. Our open-source simulation code can be accessed at
https://github.com/blaire9989/BEMsim3D.

2 RELATED WORK
In this section we discuss existing surface re�ection models as well
as relevant methods in computational electromagnetics.

2.1 Wave Optics Based Reflection Models
In computer graphics, most surface scattering models are based
on geometric optics (e.g. [Burley 2012; Cook and Torrance 1982;
Oren and Nayar 1994; Walter et al. 2007]) due to its low cost and
complexity. Prior methods using wave optics have generally re-
lied on physical optics approximations such as Beckmann-Kircho�
[Beckmann and Spizzichino 1987] and Harvey-Shack [Harvey 1979;

Krywonos 2006; Krywonos et al. 2011], which are �rst-order (single
scatter), scalar approximations to the full wave equations. These
have been used to estimate spatially averaged BRDFs for a variety of
surface types, such as Gaussian random [He et al. 1991; Lanari et al.
2017], stationary periodic [Dhillon et al. 2014; Stam 1999; Toisoul
and Ghosh 2017], multi-level planar [Levin et al. 2013], tabulated
[Dong et al. 2016], and scratched [Werner et al. 2017]. Physical
optics has also been used to estimate the spatially varying appear-
ance of tabulated [Yan et al. 2018] and statistically random surfaces
[Steinberg and Yan 2022]. Hybrid surface models apply physical
optics models for certain surface components, such as small scale
roughness [Falster et al. 2020; Holzschuch and Pacanowski 2017],
thin �lms, [Belcour and Barla 2017], or suspended platelets [Guillén
et al. 2020], while using simpler geometric optics models for larger
scales. One of the goals of our work is to test the accuracy of some
physical optics approximations.

Physical optics has also been used to approximate longer range,
inter-surface e�ects [Cuypers et al.2012; Steinberg et al.2022]. Wave
optics based scattering methods, including the Lorenz-Mie theory
and the T-matrix method [Bohren and Hu�man 2008; Mishchenko
et al. 2002], have also been applied to volumetric scattering [Frisvad
et al. 2007; Guo et al. 2021]. Moreover, generalized ray tracing tech-
niques involving complex values have been applied to rendering
natural phenomena and structural colors [Sadeghi et al. 2012; Shi-
mada and Kawaguchi 2005]. Inter-surface and volumetric scattering
currently lie beyond the scope of our work.

2.2 Computational Electromagnetics and Graphics
The most widely used computational methods in electromagnet-
ics include the �nite-di�erence time-domain (FDTD) method, the
�nite element method (FEM), and the boundary element method
(BEM). FDTD simulations (e.g. [Oskooi et al. 2010]), which solve
the di�erential form of Maxwell's equations based on time step-
ping and 3D spatial discretization, have been used to predict the
appearance of wavelength-scale structures [Auzinger et al. 2018;
Musbach et al. 2013], but its cost increases rapidly with domain size,
limiting it to 2D domains or 3D domains much smaller than those
we use. FEM, which also requires 3D discretization, is similarly lim-
ited in simulation size. BEM formulates a scattering problem into
integral equations on the surface of the scattering object [Gibson
2021], which lowers the dimension of the discretization and provides
better scalability. BEM was previously applied to �bers modeled
as generalized cylinders [Xia et al. 2020], but this relied on using
translational symmetry to reduce the problem to 2D.

Varied numerical techniques have been used to accelerate BEM,
including the fast multipole method (FMM) [Liu and Nishimura 2006;
White and Head-Gordon 1994], the adaptive integral method (AIM)
[Bleszynski et al.1996], and the sparse-matrix canonical grid method
[Liao et al. 2016; Pak et al. 1997]. Our work uses BEM because of its
scalability, and uses AIM to accelerate the computation thanks to
its e�ciency for domains that are small along one axis.

3 FULL-WAVE SIMULATION
In this work, we present our 3D full-wave simulations for computing
spatially-varying surface BRDFs with high resolution details. Our
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Table 1. List of symbols.

l Angular frequency of light
Y Permittivity of a homogeneous region
` Permeability of a homogeneous region
E Electric �eld
H Magnetic �eld
J Electric current density
M Magnetic current density
_ Wavelength of the light in vacuum
[ Refractive index of a particular medium
: Wavenumber of the light in a particular medium
r•r0 Position of points in the 3D space
� ¹r•r0º Green's function
F Waist of a Gaussian beam
\ Divergence of a Gaussian beam
f< •f= Vector basis functions
k< • b= Scalar components of basis functions
� Point source approximation coe�cient matrix
l 8• l > Incident and outgoing directions
5A¹l 8• l >º BRDF values

overall method starts with a surface described by a height �eld and
its material properties (complex refractive index), together with a
target point on the surface. To compute the BRDF for a particular
incident direction, we de�ne an incident �eld that propagates to-
wards the target point from the given direction. The incident �eld
is then used in our surface scattering simulation, which solves for
the resulting scattered electromagnetic �eld. The scattered �eld is
evaluated in the far-�eld limit to produce a full hemisphere of BRDF
values for all outgoing directions.

Our simulation is based on the 3D boundary element method
(BEM), which is discussed in detail by Gibson [Gibson 2021]; Xia
et al. [Xia et al. 2020] provide a summary of the method in a 2.5D
setting. In this section we state the principles of BEM in our context.
In Section 4 we describe the computational methods for implement-
ing BEM e�ciently, and in Section 5 we describe how to e�ciently
combine multiple simulations to synthesize BRDFs that are densely
sampled in both incident and scattered directions. Important sym-
bols used in these sections are summarized in Table 1.

3.1 Boundary Element Method: The Basics
BEM targets single-frequency scattering problems, which involve
incident electric and magnetic �elds of a given angular frequencyl
and a scattering object whose boundary divides the space into two
homogeneous regions. The constitutive parameters of the region
that contains the incident �elds are given by¹Y1• `1º, and those
of the other region are given by¹Y2• `2º. Here,Y1• Y2 represent the
permittivity and ` 1• `2 represent the permeability.

Notably, we work with complex-valued �eld quantities which
carry both amplitude and phase information. The �eld quantities
are all assumed to be time-harmonic, with their time dependence
given by49lC. The term49lC is suppressed throughout the text.

Maxwell's Equations and Surface Currents . Solving wave scat-
tering problems fundamentally relies on Maxwell's equations. The

Fig. 2. An overview of the boundary element method. The space is divided
into two regions by the sca�ering surface, and fictitious currents are intro-
duced on both sides of the surface.

time-harmonic Maxwell's equations are given by

r � E = � M � 9l` H

r � H = J¸ 9lYE
(1)

whereE andH are the electric and magnetic �elds, andJandM are
the time-harmonic electric and magnetic current densities.

Solving a scattering problem using BEM involves dividing the
space into two regions using the boundary of the scattering object
and introducing �ctitious surface currents on both sides of the object
boundary, as illustrated in Fig. 2. Maxwell's equations characterize
the relationships between the �elds and currents in each region, and
the two regions are connected through boundary conditions. These
relationships and constraints give rise to equations that determine
the surface currents, e�ectively converting the job of computing
�eld values in a 3D space into the simpler task of solving for current
densities on a 2D boundary.

Source-Field Relationships . The total �elds in the regions' 1• ' 2
are denoted by¹E1•H1º and ¹E2•H2º, and the incident �elds in' 1
are given byE8 andH8, as shown in Fig. 2. The �eldsEB andHB are
the introduced scattered �elds, which propagate outward from the
scattering surface and satisfy the relationships

E1 = E8 ¸ EB; H1 = H8 ¸ HB (2)

The currents (J1•M1º and ¹J2•M2º in Fig. 2 can be considered the
sources that radiate the �elds¹EB•HBº and ¹E2•H2º. The �elds EB
andHB can be seen as generated by the currentsJ1•M1, radiating in
a homogeneous medium with constitutive parameters¹Y1• `1º. E2
andH2 can be seen as generated by the currentsJ2•M2, radiating
in a homogeneous medium with constitutive parameters¹Y2• `2º.

The source-�eld relationships for homogeneous media are derived
from Maxwell's equations and are given by

E¹rº = � 9l` ¹L Jº¹rº � ¹K Mº¹rº

H¹rº = � 9lY¹L Mº¹rº ¸ ¹K Jº¹rº
(3)

where

¹L Xº¹rº = »1 ¸
1

: 2 rr�¼
¹

+
� ¹r•r0ºX¹r0º3r0

¹K Xº¹rº = r �
¹

+
� ¹r•r0ºX¹r0º3r0

(4)
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Here the domain of integration+ is the homogeneous medium,
and whenL •K are applied to surface current densities,+ reduces to
the boundary of the medium�in our case, the scattering surface.: is
the wavenumber, given by: = 2c[ •_, where[ is the refractive index
of the medium and_ is the source �eld's wavelength in vacuum.
� ¹r•r0º is the 3D Green's function for the scalar Helmholtz equation

� ¹r•r0º =
4� 9:A

4cA
whereA= jr � r0j” (5)

Eq. 3 can be applied in both' 1 and' 2, giving rise to

EB¹rº = � 9l` 1¹L 1J1º¹rº � ¹K 1M1º¹rº

HB¹rº = � 9lY1¹L 1M1º¹rº ¸ ¹K 1J1º¹rº
(6)

and

E2¹rº = � 9l` 2¹L 2J2º¹rº � ¹K 2M2º¹rº

H2¹rº = � 9lY2¹L 2M2º¹rº ¸ ¹K 2J2º¹rº
(7)

SinceL •K assume di�erent forms in di�erent media, we use the
subscripts 1 and 2 to distinguish between these forms.

Boundary Conditions . The tangential components of the electric
and magnetic �elds need to be continuous across the boundary
surface, giving us

n � ¹ E1 � E2º = 0; n � ¹ H1 � H2º = 0 (8)

In addition, the net current densities on the boundary are required
to be zero, meaning that

J = J1 = � J2; M = M1 = � M2 (9)

Integral Equations . Combining Eq. 6, 7, 8 and 9 gives us

»9l` 1¹L 1Jº¹rº ¸ 9l` 2¹L 2Jº¹rº ¸ ¹K 1Mº¹rº ¸ ¹K 2Mº¹rº¼tan

= »E8¹rº¼tan

»¹K1Jº¹rº ¸ ¹K 2Jº¹rº � 9lY1¹L 1Mº¹rº � 9lY2¹L 2Mº¹rº¼tan

= �» H8¹rº¼tan

(10)

which hold at every pointr on the surface. Here, the �tan� notation
refers to the component of the �eld that is tangent to surface at
r. These equations are the PMCHWT [Gibson 2021] electric �eld
integral equation (EFIE) and magnetic �eld integral equation (MFIE).

Solving for Current Densities . To solve for the current densities
J•M, we discretize the object surface into a collection of basis el-
ements and locally assign low-order basis functions to each basis
element. The surface currents can then be written as

J¹rº =
#Õ

< =1

�J< f< ¹rº; M¹rº =
#Õ

==1

�M=f= ¹rº (11)

where # is the total number of basis functions. To solve for the
unknown coe�cients in Eq. 11, we apply a Galerkin-type method
and combine the EFIE and MFIE into a linear system:

�
� EJ � EM
� HJ � HM

� �
�J
�M

�
=

�
+E
+H

�
(12)

where

� <=
EJ =

¹

(
f< ¹rº � »9l` 1¹L 1f=º¹rº ¸ 9l` 2¹L 2f=º¹rº¼3r (13)

� <=
EM =

¹

(
f< ¹rº � »¹K1f=º¹rº ¸ ¹K 2f=º¹rº¼3r (14)

� <=
HJ =

¹

(
f< ¹rº � »¹K1f=º¹rº ¸ ¹K 2f=º¹rº¼3r (15)

� <=
HM = �

¹

(
f< ¹rº � »9lY1¹L 1f=º¹rº ¸ 9lY2¹L 2f=º¹rº¼3r (16)

and

+<
E =

¹

(
f< ¹rº � E8¹rº3r (17)

+<
H = �

¹

(
f< ¹rº � H8¹rº3r (18)

One might have noticed that the EFIE and MFIE assume very
similar forms, while we have applied an extra factor of� 1 to both
sides of the MFIE, resulting in a factor of� 1 in Eq. 18. We use this
speci�c form of the linear system thanks to its symmetry.

In fact, observing Eq. 13 and 16 as well as theL operator given
in Eq. 4, we notice that

� EJ= � )
EJ; � HM = � )

HM (19)

Inspecting Eq. 14 and 15 and theK operator in Eq. 4 gives us

� EM = � )
EM; � HJ = � )

HJ; � EM = � HJ (20)

Eq. 19 and 20 show that our linear system in Eq. 12 is symmetric,
allowing us to evaluate fewer matrix elements and use an iterative
solver that requires less memory. After solving for the surface cur-
rent densities, we can again apply Eq. 6 to compute the scattered
�elds that propagate outward from the scattering surface.

3.2 Rough Surface Sca�ering: The Specifics
We now introduce our speci�c approach to represent and discretize
the surfaces involved in our simulations.

Rough Surface Samples. The general illustration in Fig. 2 repre-
sents the scattering surface as in�nitely large, dividing the space
into two half spaces. Each simulation, however, needs to be limited
to a �nitely large computational domain. We make this possible by
our speci�c choice of incident �elds.

Each �nitely large surface sample is represented as a 2D height
�eld. For a surface sample with size! G � ! ~, we choose a step size
3 and further de�ne the sequencesfGBg•f~Cgsuch that

GB = B� 3 B= 0•1• ”””• #G
~C= C� 3 C= 0•1• ”””• #~

(21)

where #G = ! G•3 and # ~ = ! ~•3. For all pairs of indices¹B• Cº,
height data are provided asI B•C= � ¹GB•~Cº from some height �eld
function � . See Fig. 3 for an illustration.

Note that the height variations on the surface are in very small
scale�typically within a few microns (a few wavelengths of visible
light), and the surface is considered globally �at, with the positivez
direction as its normal on the macro-scale.
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(a) (b)

Fig. 3. A rough surface sample represented as a 2D surface height field, and
discretized into quadrilateral basis elements.

Basis Elements and Functions. Since our rough surface is repre-
sented as a 2D height �eld de�ned on an xy-grid, we take advantage
of the grid structure and use quadrilateral basis elements to dis-
cretize the surface. As shown in Fig. 3 (b), the surface is tiled into
#G� # ~ elements, each with anxy footprintof size3� 3. Despite the
�8-10 steps per wavelength� convention for basis element size, the
xy footprints of our quadrilateral elements may need to be smaller
in some cases, as the rough surface contains nonzero slopes that
lengthen the actual basis elements. In most of our simulations, we
normally use3 � _•16for our minimum wavelength.

We adopt the �rst-order vector basis functions proposed in [Djord-
jevic and Notaros 2004]. Each basis element is parametrized with
respect to two variablesD• E, both in the range of»� 1•1¼. The shape
of the basis element is represented analytically by a bilinear function
r ¹D• Eº, which for the element with index¹B• Cº is given by

r ¹D• Eº =
¹1 � Dº¹1 � Eº

4
pB� 1•C� 1 ¸

¹1 � Dº¹1 ¸ Eº
4

pB� 1•C

¸
¹1 ¸ Dº¹1 � Eº

4
pB•C� 1 ¸

¹1 ¸ Dº¹1 ¸ Eº
4

pB•C

(22)

wherepB•C= ¹GB•~C• IB•Cº. Four basis functions are de�ned on each
quadrilateral element in the following form:

f1¹D• Eº =
¹1 � Dº
� ¹D• Eº

mr¹D• Eº
mD

; f2¹D• Eº =
¹1 ¸ Dº
� ¹D• Eº

mr¹D• Eº
mD

;

f3¹D• Eº =
¹1 � Eº
� ¹D• Eº

mr¹D• Eº
mE

; f4¹D• Eº =
¹1 ¸ Eº
� ¹D• Eº

mr¹D• Eº
mE

(23)

where the Jacobian� ¹D• Eº is de�ned as:

� ¹D• Eº =

�
�
�
�
mr ¹D• Eº

mD
�

mr¹D• Eº
mE

�
�
�
� (24)

As illustrated in Fig. 4, the basis functionf8 represents the �ux
of the surface currents across the edge48 of the basis element, for
8= 1•2•3•4. It can be shown that among the four local basis functions,
f8 is the only basis function with nonzero �ux of the currents across
the edge48. To ensure continuity of the �ux, the two basis functions
related to each edge (de�ned on the two neighboring elements that
share this edge) share the same coe�cient.

Gaussian Beam Incidence. Since we limit our simulation domain
to a �nite area, we want to similarly constrain the size of the incident
�eld. This way, the current densities induced on the surface can
be considered as only having nonzero magnitudes within a �nite
region, which is usually slightly larger than the illuminated area.
Thus, Gaussian beams are great candidates for the incident �elds.

Fig. 4. Four basis functions are defined on each quadrilateral basis element,
each associated with the flux of the surface currents across one edge.

Fig. 5. Illustration of Gaussian beams. (a) A Gaussian beam and its focus
plane, center, waist, and divergence. (b) A Gaussian beam that illuminates a
surface at some incident angle, with di�erent waistsF1• F2 along the two
transverse directionsv1•v2. (c) Gaussian beams incident on the surface from
di�erent directions have the same illumination area, as the beam waists are
chosen according to incident directions.

A Gaussian beam is an electromagnetic wave whose amplitude
is a 2D Gaussian function in the plane perpendicular to its prop-
agation direction [Paschotta 2008]. As illustrated in Fig. 5 (a), a
Gaussian beam is characterized by a focus plane%, a centero, and
a beam waistF . At each pointq on the focus plane%, the �eld
amplitude is proportional to4� A2•F 2

, whereA = jq � oj. Thus, at
points whose distance too is greater than2”5F , the �eld intensity
(squared amplitude) can be considered negligible.

A Gaussian beam can be used to model nearly collimated illumi-
nation, while it also has a divergence\ , as shown in Fig. 5 (a), which
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